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Technical Benchmark: BIDSim vs.
Laplace-Softmax Approximation

Quadratic Local Mode Fallacy, Log-Normal Transformation Distortions, and Small Data

Hessian Singularities

Executive Benchmark Overview

This benchmark compares BIDSim (Chained Virtual Urns Simulator) against Laplace Approximation
coupled to a Log-Normal / Softmax Transformation across high-dimensional categorical probability
spaces, local quadratic curvature limitations, Small Data Hessian singularities, physical probability conser-
vation, and edge AI deployment.

Comparative Benchmark Matrix

Benchmark Metric

Laplace-Softmax Approximation

BIDSim (Chained Virtual Urns)

Foundational Paradigm

Posterior Curvature
Assumption

Small Data Stability
(N < m)

Simplex Probability
Mass

Autocorrelation (lag-1)

Effective Sample Size
(ESS %)

Execution Speed (100k
draws, m = 5)

Execution Speed (300k
ESS, m = 100)

Software Heap & Bi-
nary Size

Local 2nd-order Taylor expansion
N(9,H™') around MAP mode g in log-
ratio space R™ ™! mapped via Softmax

Symmetric Quadratic Fallacy:
Forces a symmetric Gaussian shape
around MAP, failing on asymmetric or
skewed posteriors

Fails / Stalls: L-BFGS-B optimizer fails
to converge; flat likelihood plateaus yield
singular or non-invertible Hessians H

Distorted by Softmax Jacobian:
Log-Normal transform |det.J| distorts
probability density near 0% and 100%

0.000 (Independent Gaussian draws con-
verted via Softmax)

100.0% (Unweighted draws, but biased
central expectations EB)

220.0 ms (Mode optimization + Hessian
inversion + Gaussian sampling + Soft-
max exp)

48.50 seconds (Dominated by 99 x 99
Hessian inversion and 300k x 99 exponen-
tial calls)

> 150 MB (Requires SciPy optimizer,
Autograd/JAX, NumPy algebra)

Exact discrete barycentric simplex integra-
tion over finite virtual urns (Popu = 1,000)
using PEMPI Maxent priors

Full Uncertainty Geometry: Cap-

tures true non-quadratic, asymmetric, and
boundary-bounded posterior shapes

100% Robust: PEMPI prior initialization
converges in 4-7 Newton-Raphson iterations
on 1D dual space without matrix inversion
Exact by construction (> ¢ =
100.000%,  machine precision 107'9)
across every scenario

0.000 (Pure L.I.D. draws via uniform variates
U ~ Uniform(0, 1))

100.0% (Unweighted L.I.D. draws with zero
bias)

35.8 ms (112.4 ms Phase 1 compilation +
35.8 ms Phase 2 batch extraction)

1.46 seconds (Linear O(t-m) array lookups
via C++ OpenMP SIMD parallelism)

< 154 KB WASM Binary
(bidsim.wasm) running within a static
16 MB heap

Discretized Bayesian Induction

1. Mathematical Formulations & The Quadratic Local Fallacy

Laplace-Softmax Formulation

The Laplace approximation computes the Maximum A Posteriori (MAP) estimate in unconstrained log-ratio space
yc R L
g = argmax [log p(Data | y) + log p(y)] (1)
Yy
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A local second-order Taylor series expansion is performed around g, yielding a Gaussian proposal y ~ N (g, H™1),
where H is the negative Hessian matrix evaluated at the mode:

H = —V? logp(y | Data)|,_, (2)

Samples y*) are drawn from N (g, H~') and mapped to the simplex A™~! via the Log-Normal / Softmax trans-
formation:

(t)
e(t) _ exp(yi ) (3)

T o))

The Local Quadratic Fallacy

The Laplace approximation assumes that the log-posterior density is locally quadratic (log p(y) ~ const —
1(y—9)"H(y—9)). For multinomial posteriors on Small Data (N < 200) or near boundary regions (6; — 0),
true posteriors are highly skewed and non-symmetric. The Laplace approximation underestimates tail
risks, overestimates precision, and distorts the Expected Bayesian Value (EB = E[f]).

BIDSim Discrete Constructivism

BIDSim avoids local Taylor expansions altogether. In Phase 1, it evaluates the exact, non-quadratic posterior
density across all Popu + 1 discrete frequency states using objective Maximum Entropy priors:

Ap(Bh) = - Priorsaenc(61)  (60)°(1 — 60)’ (4)

Phase 1 compiles these exact distributions into 2D conditional CDF matrices. In Phase 2, scenario extractions
draw sequential 1D allocations q,it) = CDF;l(UISt)) : Budget,(:l1 in linear time O(¢ - m).

2. Small Data Hessian Singularities & Optimization Failures

Small Data Robustness Comparison

On sparse datasets or zero-count observation cells (v; = 0), the log-posterior surface exhibits flat plateaus
or zero second-derivatives:

e Laplace Failure Mode: L-BFGS-B and Newton-Raphson mode-finding algorithms stall or fail to
converge. The negative Hessian H becomes singular (det H = 0) or non-positive-definite, preventing
matrix inversion H ! and crashing the simulation.

¢ BIDSim Guaranteed Convergence: PEMPI Maxent prior generation operates in 1D dual space
using a strictly monotonic Newton-Raphson solver that converges to float64 machine precision in 4-7
iterations without matrix inversion.

-

3. Performance Scaling & Edge AI Deployment

Performance Metric Laplace-Softmax Approximation BIDSim WebAssembly Engine

m = 5 Candidates (100k 220.0 ms (Optimization + Hessian + 35.8 ms (112.4 ms Phase 1 + 35.8 ms

Draws) Softmax) Phase 2)

m = 10 Candidates (100k 1,450.0 ms (Hessian inversion + Expo- 75.0 ms (210.0 ms Phase 1 + 75.0 ms

Draws) nentials) Phase 2)

m = 100 Candidates (300k 48.50 seconds (99 x 99 Hessian inversion) 1.46 seconds (Linear SIMD array

ESS) lookups)

Software Stack Footprint > 150 MB (SciPy, Autograd, JAX, < 154 KB (bidsim.wasm + JS bridge)
NumPy)

Auditability & Precision Optimization-dependent drift 100% Bit-Exact Glass Box
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Conclusion & Metrological Verdict

The Laplace-Softmax approximation provides a computationally convenient continuous shortcut for large-sample,
unimodal posteriors. However, on Small Data or categorical simplices, it suffers from quadratic curvature
fallacies, Hessian matrix singularities, and Log-Normal Jacobian density distortions.

BIDSim provides an uncompromised, audit-ready alternative that captures full posterior asymmetry, guar-
antees exact physical probability conservation (> ¢; = 100%) in 1.46 seconds for m = 100 candidates,
and executes 100% offline on edge devices inside a sub-154 KB WebAssembly binary.
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